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1 Introduction

Quantum communication is an important branch of quantum information science, promising uncondi-
tional security to classical communication and providing the building block of a future large-scale quantum
network. Noise in realistic quantum communication channels imposes fundamental limits on the commu-
nication rates of various quantum communication tasks. It is therefore crucial to identify or bound the
quantum capacities of a quantum channel. In this abstract, we consider Gaussian thermal channels
that model energy loss and thermal noise errors in realistic optical and microwave communication channels.
In particular, we study their various quantum capacities in the energy-constrained scenario to understand
the fundamental limits on achievable communication rates with these practically relevant channels.

Our main contribution is to provide improved lower bounds to various energy-constrained quan-
tum capacities of the Gaussian thermal channels [1]. That is, we show that higher communication rates
can be attained than previously believed. Specifically, we introduce various multi-channel strategies
and show that they outperform the best known single-channel strategies for the Gaussian thermal channels
in the energy-constrained scenarios.

2 Background

Gaussian thermal channels–The Gaussian thermal channel N [η, n̄th] is defined as the quantum map
resulting from applying a beam splitter interaction B̂(η) (with a transmissivity η ∈ [0, 1], or loss probability
γ = 1−η) to the joint system of the channel and a thermal environment. The environment is assumed to be
initially in a thermal state τ̂(n̄th), where n̄th is the average photon number and τ̂(n̄) ≡

∑∞
n=0

n̄n

(1+n̄)n+1 |n〉〈n|.
The beam splitter interaction B̂(η) models attenuation of the transmitted quantum signals. Gaussian
thermal channels are highly relevant to practically quantum communication scenarios because they are
basic models of realistic optical and microwave channels. Especially, added thermal noise (i.e., n̄th > 0) is
non-negligible for microwave channels because they are operated at lower frequencies than optical channels.
Since the available number of photons is limited in practice, we consider energy-constrained scenarios where
each channel can only support at most n̄ photons on average.

Best-known energy-constrained strategies for Gaussian thermal channels–Here, we consider
three different quantum communication tasks: (1) Quantum state transmission without feedback assis-
tance, (2) quantum state transmission with two-way classical feedback, and (3) secure classical information
transmission. For the Gaussian thermal channels, the best-known energy-constrained strategies (before our
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work) are to use a single-mode thermal state for the first two tasks [2–4] and to use an ensemble of dis-
placed single-mode thermal states for the last task [5]. Thus, the best-known strategies are single-channel
strategies. Below, we propose multi-channel strategies and demonstrate that they outperform the
previously known single-channel strategies in the energy-constrained cases with added thermal noise (i.e.,
n̄ ≤ ∞ and n̄th > 0).

3 Multi-channel strategies

To deliver the key insight clearly, we focus on the first task, i.e., quantum state transmission without
feedback assistance. The achievable communication rate with the best-known single-channel strategy is
given by the coherent information of the single-mode thermal state τ̂(n̄) [2]:

Ic(N [η, n̄th], τ̂(n̄)) = g(ηn̄+ (1− η)n̄th)

− g
(D + (1− η)(n̄− n̄th)− 1

2

)
− g
(D − (1− η)(n̄− n̄th)− 1

2

)
. (1)

In the special case where there is no added thermal noise (i.e., n̄th = 0), it is proven that this single-channel
strategy is optimal [6, 7] (see also Ref. [8]). However, we demonstrate that this is not necessarily the case
in the general cases with non-zero added thermal noise (i.e., n̄th > 0). To do so, we introduce correlated
multi-mode thermal states

T̂ (N,n) ≡ Û (N)
GFT

[{
τ̂(n̄1)

}⊗N1 ⊗ · · · ⊗
{
τ̂(n̄r)

}⊗Nr](Û (N)
GFT

)†
. (2)

Here, N = (N1, · · · , Nr) such that
∑r

k=1Nk = N and n = (n̄1, · · · , n̄r). Û (N)
GFT is the N -mode Gaussian

Fourier transformation whose action on the jth annihilation operator âj is defined as
(
Û

(N)
GFT

)†
âjÛ

(N)
GFT =

1√
N

∑N
k=1 e

i 2π
N

(j−1)(k−1)âk. That is, the correlated multi-mode thermal state T̂ (N,n) is a collection of

single-mode thermal states (where each of the first N1 modes supports on average n̄1 photons, each of the
next N2 modes supports on average n̄2 photons and so on) which are uniformly mixed by the Gaussian

Fourier transformation Û
(N)
GFT (see Fig. 1(a)). Thus, each mode in the correlated N -mode thermal state

T̂ (N,n) supports on average n̄ = 1
N

∑r
k=1Nkn̄k photons. One of our main results is that the following

rate is achievable

max
0<x≤1

xIc(N [η, n̄th], τ̂
( n̄
x

)
), (3)

by using a correlated multi-mode thermal state with N = (M,N −M) and n = ( N
M n̄, 0) such that x? = M

N .
Here, x? is the optimal x that maximizes the expression in Eq. (3). Note that our strategy is a multi-
channel strategy since we use correlated multi-mode thermal states. Moreover, since each channel supports
on average n̄ photons, the above correlated multi-mode thermal state satisfies the desired energy constraint.
Note also that when x = 1, our strategy reduces to the previously known single-mode strategy. However, as
shown in Fig. 1(b), our multi-channel strategy gives a strictly higher rate than the single-channel strategy
when there is a non-zero added thermal noise n̄th = 1. That is, the optimal value of x is strictly less than
1 (see Fig. 1(c)). Thus, for the first time in the past two decades, we establish that higher quantum
state transmission rates can be achieved with Gaussian thermal channels than previously believed.

The key insight behind the performance boost with our multi-channel strategy is that the coherent infor-
mation Ic(N [η, n̄th], τ̂(n̄)) of the single-mode thermal state τ̂(n̄) in Eq. (1) is convex in n̄ in the small n̄
regime when there is non-zero added thermal noise n̄th > 0 in the high loss regime (see the blue line in Fig.
1(d)). Due to the convexity, the achievable region of the single-mode thermal states is strictly contained
by its convex hull (see the red line and the shaded red region in Fig. 1(d)). Note that in the small n̄
regime, the boundary of the convex hull is given by the straight line connecting the origin and the first
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Figure 1: (a) Correlated multi-mode thermal state. (b) Achievable quantum state transmission rate
(without feedback assistance) of our multi-channel strategy based on the correlated multi-mode thermal
states. (c) The optimal value of x that maximizes the expression in Eq. (3). (d) Coherent information of
the single-mode thermal state τ̂(n̄) as a function of the allowed average photon number n̄.

order contact point. Thus, we can understand our multi-channel strategy as a hybridization of the two
distinct single-channel strategies, i.e., one with the vacuum state and the other with a thermal state with
n̄?(η, n̄th) where the first order contact occurs. Such a hybridization provides a non-trivial advantage when
n̄th > 0 since the coherent information is convex. On the other hand, for n̄th = 0, multi-channel strategies
are not advantageous since the coherent information is concave in n̄ for all n̄ ≥ 0.

In the full version of our paper [1], we introduce various other hybridization techniques to boost the
achievable rates of the other two communication tasks, i.e., quantum state transmission with two-way
classical feedback and secure classical communication. In particular, we show that the two-way-assisted
quantum state transmission rate can be significantly improved by hybridizing forward and backward
strategies, whereas the previous state-of-the-art was to use either a forward or a backward strategy
exclusively. We show that the secure classical communication rate can also be improved by using a similar
technique given in Fig. 1(d).

Our work is the first to demonstrate that a multi-channel strategy can boost the performance of various
communication rates for the practically relevant Gaussian thermal channels. Since the non-trivial advan-
tage is observed in the cases with a non-zero added thermal noise, our results are especially relevant to
microwave channels which are corrupted by added thermal noise as well as signal attenuation. Since there
have been growing interests in microwave communication (thanks to its compatibility with the supercon-
ducting qubit systems) [9, 10], we believe that our work is timely and will have a practical impact in the
future, as well as being of fundamental interest.
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