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Motivation and Outline



Motivation and Outline

• Entanglement is arguably the most fundamental non-classical feature of

quantum theory. Its groundbreaking effects can be seen in a wide array of

quantum cryptographic, teleportation and computation protocols.

• The complexity of entanglement theory stems from the fact that it is not

possible for any classical algorithm to efficiently determine whether a given

quantum state is entangled or not [Gur03].

• In the first half of the talk, we will witness an intriguing connection

between two seemingly unrelated mathematical objects: graphs and

entangled quantum states, which will allow us to formulate a simple

method of detecting entanglement in quantum states.

• In the second half, we will see how the techniques from the first part can

be used to tackle the PPT2 conjecture for a large class of states.
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Local diagonal orthogonal invariant

(LDOI) states



Definitions

• We consider quantum states ρ ∈Md ⊗Md which enjoy the following

local diagonal orthogonal invariance (LDOI) property:

∀O ∈ DOd , ρ = (O ⊗ O)ρ(O ⊗ O).

• These states admit the following parameterization:

ρA,B,C =
d∑

i,j=1

Aij |ij〉〈ij |+
∑

1≤i 6=j≤d

Bij |ii〉〈jj |+
∑

1≤i 6=j≤d

Cij |ij〉〈ji |

where A,B,C ∈Md have equal diagonals, A < 0, B ≥ 0, C = C † and

AijAji ≥ |Cij |2 ∀i , j . (PPT =⇒ C ≥ 0 and AijAji ≥ |Bij |2 ∀i , j)

• The class of LDOI states is quite rich and contains many prominent names

like the Diagonal symmetric states, Werner and Isotropic states, etc.
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3⊗ 3 LDOI state

ρA,B,C =



A11 · · · B12 · · · B13

· A12 · C12 · · · · ·
· · A13 · · · C13 · ·
· C21 · A21 · · · · ·

B21 · · · A22 · · · B23

· · · · · A23 · C23 ·
· · C31 · · · A31 · ·
· · · · · C32 · A32 ·

B31 · · · B32 · · · A33


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Separability of LDOI states

Recall that ρ ∈Md ⊗Md is called separable if there exists a finite set of

vectors {|vk〉 , |wk〉}k∈I ⊆ Cd such that ρ =
∑

k∈I |vkwk〉〈vkwk |.

Theorem 1 [SN20a]

For A,B,C ∈Md with equal diagonals, the state ρA,B,C is separable if and

only if (A,B,C) is triplewise completely positive (TCP), i.e. there exists a

finite set of vectors {|vk〉 , |wk〉}k∈I ⊆ Cd such that

A =
∑
k∈I

|vk � vk〉〈wk � wk | B =
∑
k∈I

|vk � wk〉〈vk � wk |

C =
∑
k∈I

|vk � wk〉〈vk � wk | ,

where � : entrywise product and : entrywise complex conjugate.

Proposition 1 [SN20a]

(A,A,A) is TCP ⇐⇒ A is CP (i.e A = ZZ> for some d × r matrix Z < 0).

In particular, deciding membership in the TCP cone inherits the NP-hardness

of deciding membership in the CP cone.
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Triangle-free states



Definitions

• For ρ ∈Md ⊗Md , define A ∈Md entrywise as Aij = 〈ij |ρ|ij〉. We now

associate a d-vertex graph to ρ as follows. Two distinct vertices i 6= j

form an edge (i.e. they are connected) if both Aij and Aji are non-zero.

• We say that ρ is ∆-free if the associated graph G(A) is ∆-free.

• Example:

G(A) = 1

2

3

4

A =


1 a12 a13 a14

a21 2 a23 0

0 a32 2 a34

a41 a42 a43 2


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Entanglement detection in ∆-free states



Separability of ∆-free LDOI states

Theorem 2 [Sin20]

If ρA,B,C is ∆-free and separable, then M(B) ≥ 0 and M(C) ≥ 0.

where, for B ∈Md , the comparison matrix is defined entrywise as follows:

M(B)ij =

 |Bij |, if i = j

−|Bij |, otherwise

Proof.

• Step 1: Consider a TCP decomposition {|vk〉 , |wk〉}k∈I of (A,B,C).

• Step 2: Use ∆-freeness of G(A) to show that # supp(vk � wk) ≤ 2 ∀k.

• Step 3: B =
∑

k∈I |vk � wk〉〈vk � wk | =⇒ M(B) ≥ 0.
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Primary entanglement detection test

Theorem 3 [Sin20]

Let ρ ∈Md ⊗Md be ∆-free. Let A,B,C ∈Md be defined entrywise as

Aij = 〈ij |ρ|ij〉, Bij = 〈ii |ρ|jj〉, Cij = 〈ij |ρ|ji〉 for i , j ∈ [d ].

Then, ρ is entangled if either M(B) or M(C) is not positive semi-definite.

Proof. Project onto the LDOI subspace: ρA,B,C = EO [(O ⊗ O)ρ(O ⊗ O)]. �
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Consequences and discussion



Beauty of ∆-free entanglement

• Given any ∆-free (cyclic) graph on d vertices, an associated family of

∆-free PPT-entangled states with d2 real parameters can be constructed.
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Beauty of ∆-free entanglement

• Since the number of ∆-free graphs increases dramatically with the number

of vertices, so does the number of ∆-free entangled families of states.

• For instance, using the above test, it is possible to construct ∼ 1010

PPT-entangled families of states in a paltry 15⊗ 15 system.

• Because of this sheer diversity, the traditional methods for entanglement

detection get crippled in the regime of ∆-free states. In contrast, the

simplicity of ∆-free entanglement detection cannot be overstated.
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Can we say something about the

converse of Theorem 2?



What we know

If a given LDOI state ρA,B,C is separable and {|vk〉 , |wk〉}k∈I form a TCP

decomposition of (A,B,C), then

∀k : # supp(vk � wk) ≤ 2 =⇒ M(B),M(C) ≥ 0.

What we want to know

Given an LDOI state ρA,B,C , does

M(B),M(C) ≥ 0 =⇒ ρA,B,C is separable?
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• Converse only holds for a special subclass of LDOI states which are of the

form given below, where A,B ∈Md have equal diagonals, A < 0 and

B ≥ 0. PPT condition additionally implies that AijAji ≥ |Bij |2 ∀i , j .

ρA,B =
d∑

i,j=1

Aij |ij〉〈ij |+
∑

1≤i 6=j≤d

Bij |ii〉〈jj |

• These states enjoy the following conjugate local diagonal unitary

invariance (CLDUI) property

∀U ∈ DUd , ρA,B = (U ⊗ U†)ρA,B(U† ⊗ U)
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Factor widths and the converse of Theorem 2

Theorem 4 [JM19, SN20b]

The state ρA,B is separable if and only if (A,B) is Pairwise Completely

Positive (PCP), i.e. there exist vectors {|vn〉 , |wn〉}n∈I such that

A =
∑
n∈I

|vn � vn〉〈wn � wn| B =
∑
n∈I

|vn � wn〉〈vn � wn|

Further, if # supp(vn�wn) ≤ k ∀n, then (A,B) is said to have factor width k.

Theorem 5 [SN20b]

Let ρA,B be a PPT CLDUI state. Then,

M(B) ≥ 0 ⇐⇒ (A,B) is PCP with factor width 2 =⇒ ρA,B is separable.
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The PPT2 conjecture



The PPT2 conjecture

Conjecture (Form 1) [Chr12]

Let ρ, σ ∈Md ⊗Md be arbitrary bipartite PPT states. Then,

TrC [(ρ⊗ σ)(IA ⊗
∣∣ψ+

C

〉〈
ψ+

C

∣∣⊗ IB)] is separable.

where
∣∣ψ+

〉
=
∑d

i=1 |ii〉 is the maximally entangled vector in Cd ⊗ Cd .

A A

C C

C C

B B

ρ

σ

∈ SEP(A : B)

Figure 1: “Swapping” of entanglement between two PPT states results in a separable state.

Conjecture (Form 2) [Chr12]

Let Φ1,Φ2 :Md →Md be arbitrary PPT (CP + coCP) linear maps. Then,

Φ1 ◦ Φ2 is entanglement breaking.
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Progress on the proof

• The conjecture holds for d = 2 (trivially) and d = 3 [CMHW18, CYT19].

• Every unital or trace preserving PPT map is asymptotically entanglement

breaking, i.e. the distance between iterates of such a map and the set of

entanglement breaking maps converges to zero in the limit [KMP17].

• Every unital PPT channel becomes entanglement breaking after finitely

many iterations of composition with itself [RJP18].

• The conjecture holds for fully unitary covariant maps [CMHW18].

• The conjecture holds for Gaussian maps [CMHW18].
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CLDUI states ↔ CDUC maps

• Define Td(C) := {Φ :Md →Md linear} and let J :Md ⊗Md → Td(C)

denote the Choi-Jamio lkowski isomorphism. Let J(ρA,B) = ΦA,B . Then,

ΦA,B :Md →Md

X 7→ diag(A |diagX 〉) + (B − diagB)� X

• These maps possess a special diagonal unitary covariance property:

∀U ∈ DUd , ∀X ∈Md : ΦA,B(UXU∗) = UΦA,B(X )U∗

• One can immediately observe that the Choi map is of the above form:

Φchoi :M3 →M3

X 7→

 X11 + X33 −X12 −X13

−X21 X11 + X22 −X23

−X31 −X32 X22 + X33


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The PPT2 conjecture holds for CLDUI states

Theorem 5 [SN20b]

Let ρA,B be a PPT CLDUI state. Then,

M(B) ≥ 0 ⇐⇒ (A,B) is PCP with factor width 2 =⇒ ρA,B is separable.

Theorem 6 [SN20b]

The PPT2 conjecture holds for CLDUI states.

Proof. Consider two arbitrary PPT CLDUI states ρA,B , ρC ,D ∈Md ⊗Md .

• Step 1:

ρA,B

ρC,D

= ρX ,Y ; where (X ,Y ) = (AC ,B � D + diag(AC − B � D)).

• Step 2: Show that the CLDUI state ρX ,Y is again PPT.

• Step 3: Show that M(Y ) ≥ 0 and apply Theorem 5 to conclude the proof.
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To gain some insight on the structure of Y , let us look at the 3× 3 case:

Y =

 A11C11 + A12C21 + A13C31 B12D12 B13D13

B21D21 A21C12 + A22C22 + A23C32 B23D23

B31D31 B32D32 A31C13 + A32C23 + A33C33


= diag(A� C) +

 A12C21 B12D12 0

B21D21 A21C12 0

0 0 0

+

 A13C31 0 B13D13

0 0 0

B31D31 0 A31C13

+

 0 0 0

0 A23C32 B23D23

0 B32D32 A32C23


Infact, a similar decomposition holds for the general d × d case as well:

Y = diag(A� C) +
∑

1≤i<j≤d

(
AijCji BijDij

BjiDji AjiCij

)
i,j∈[d ]

Since AijAji ≥ |Bij |2,CijCji ≥ |Dij |2 ∀i , j and A,C < 0, the above decomposition

shows that M(Y ) ≥ 0, which completes the proof. �
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Future directions



Future directions

• Explore connections between graphs and entanglement.

• The PPT2 conjecture remains open for general states.

• In particular, we don’t know if the conjecture holds for LDOI states ρA,B,C .

18



Future directions

• Explore connections between graphs and entanglement.

• The PPT2 conjecture remains open for general states.

• In particular, we don’t know if the conjecture holds for LDOI states ρA,B,C .

18



Future directions

• Explore connections between graphs and entanglement.

• The PPT2 conjecture remains open for general states.

• In particular, we don’t know if the conjecture holds for LDOI states ρA,B,C .

18



Thank you!
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