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Outline

* Information spreading in different systems
* General constraint on spreading in a// systems
* Theorem statement

* Emergent classicality in many-body systems



How can information spread during evolution?
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environment B; results passed to each R;
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Decoherence example
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Earlier work

Builds on prior work introducing this style of bound:

Generic emergence of classical features in quantum Darwinism,
Brandao, Piani, Horodecki.

The present work proves much stronger monogamy-style
statement, with a simple + constructive argument, allowing a
numerical algorithm.

History of related techniques:
arXiv:1010.1750 (Brandao, Christandl, Yard)
arXiv:1210.6367 (Brandao, Harrow)



Studying local sub-systems of the environment

} Input system

Imagine input 4 couples to environment B,
then study local sub-systems of B.
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What can Bob learn about A? For most B;, only classical information! (Our result)

Almost everywhere in the environment B, the locally accessible information about A looks
classical, i.e. can be obtained from a measurement of 4 in some fixed basis.




Studying local sub-systems of the environment

Pa

A
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£ 3 Model evolution as coupling to environment,
‘ evolving, then tracing out all except B;

Pp; = TT45; (Uap(pa ® t5)ULp)

Environment starts in state 7
% Then both systems evolve by unitary U,p



Interlude: Measure-and-prepare channels

A
E%W
Channel
“
B

Quantum channels A —» B are maps from the space of
density operators on system A to density operators on B,
le.

Pa 7 PB /En«\'a\na)\cmn’r breaking

“Measure-and-prepare” channel: Special type of
channel that takes the form

Pa 7 P = z Tr(M%p,) og
(04

for some measurement operators {M“}, and states {05},
(e.g. orthogonal projectors M% = |a){(a|)



Interlude: Measure-and-prepare channels

/ Evolutions of the form \

Pa P Pp = Z Tr(M%p,) og ,
a

represent measuring A in the basis associated to M“
and then preparing the state g7 contingent on classical
outcome «.

For Alice and Bob at different labs A and B, they can
iImplement such a map by sending only classical

k information. /




Our result: For any evolution A - B ...
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Our result: For any evolution A - B ...

Pa

A

.

£ Model evolution as coupling to environment,
— evolving, then tracing out all except B;

pe;, = TTra5; (Uap(pa @ t3)UL5)

~ Z Tr(M%p,) og, “measure-and-prepare”
a

for almost all B;

for some choice of measurement operators {M“}
L*independent of B;

For almost all B; (all but O(1)-many), the evolution py — pp, looks like performing a fixed
classical measurement on A, followed by preparing some state on B; based on the outcome.




Examples of applying theorem to evolutions

Pa

Model evolution as coupling input A to environment B,
evolving both, then tracing out all except B;

pe; = Tryg; (Uap(pa @ t3)U43)




Example: Direct transport A — B,

Pa

Model evolution as coupling input A to environment B,
evolving both, then tracing out all except B;

pe; = Tryg; (Uap(ps ® t5)USB)

N
/Example:

Input system A sent faithfully to B,
\Other B; sent to |0) (for i > 1) )

Pa — PB, = Pa Not measure-and-prepare X

pa = pp; = |00, (for i > 1) [ Measure-and-prepare \/J (Trivial prep.)




Example: Decoherence

Pa

Model evolution as coupling input A to environment B,
evolving both, then tracing out all except B;

pe; = Tryg; (Uap(ps ® t5)USB)

/Example: A
Input system A is measured/decohered
in |0), |1) basis
Outcome recorded on each B;

- J

pa = pu, = Tr(10X0] pa)I0)O015, + Tr(11X1] pa)I1)(1l, [ Measure-and-prepare +/ ]




Example: Spin chain evolution

Pa

Model evolution as coupling input A to environment B,
evolving both, then tracing out all except B;

pe; = Tryg; (Uap(pa @ t3)U43)

Tg = Groundstate of spin chain B

U,z = Evolution of extended chain AB

Pa = Pp; = 2?27

Numerical examples work!

4 N
Example:
Couple qubit A onto end of spin chain B,
then evolve extended chain

g %

[Measure-and-prepare \/ J




Theorem statement (almost)
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Excluded region:
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On all regions R away from (),
K, evolution A — R is approx.
S measure-and-prepare.

|Q| = 0(1), doesn't scale with
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Quantum Markov blanket, Q

/Q roughly includes outputs B; with most
information about A

~

0O “blankets” A:

Any information about A that's accessible on
small regions R outside () can be obtained from
a classical measurement on just Q.

Excluded region:
“Quantum Markov
blanket”

@ includes, at least, any region with locally On all regions R away from Q

accessible quantum information about A. evolution A — R is approx.
measure-and-prepare.
For arbitrarily large environments, you can still |Q] = 0(1), doesn'’t scale with
. . total system sizel
k“cover” A with an O(1)-sized blanket Q | Y, d
N




Theorem statement

~

Consider arbitrary quantum channel D(X) = density
N : @(A) — D(B1 ® ® Bn) operators on X

Theorem: Foranye > 0 andr € {1, ...,n}, there exists a POVM {M,} and B. B, B B
o V24 . 1 2 3 n
an “excluded” output subset Q < {B4, ..., B, } of size \—y—’
%

such that: o de o R
For all output subsets R c {By, ..., B,}\Q of size |[R| <, xcluded region:

[{)
there exist states g5 on R such that Quanttim Markov
blanket

ITrg N(pa) — 2a Tr(Mgpa)oglly < € On all regions R away from 0,
forall p4 on A. (measure-and-prepare)

1
Q] < = 2rd5 Indy d, = dim(A)

evolution A — R is approx.
measure-and-prepare.

Note {M,} chosen independent of R. |Q| = 0(1), doesn’t scale with
total system sizel

N YA




Proof ideas



Theorem statement (for states) A

/Consider any quantum state p4p. g ONAQ B; ® ...Q By. \

Theorem: For anyany e > 0 andr € {1, ...,n}, there exist states P4,
probabilities p,, and an “excluded” subset Q c {Bj, ..., B,} of size

0] < 6—1227‘ Ind, gmamuy | v B2 Bs Bn
such that: '
For all subsets R c {By, ..., B,}\Q of size |[R| < r, Q R
“pAR Y PPl R JOI[?” <e€ Excluded region:
. O “Quantum Markov
for some choice of states states o5 on R. blanket”

On all regions R away from (),

N A h i ly of R.
ote p/;, p, chosen independently o state on AR is approx.

We used “one-way LOCC norm,” Iszrl)aragl(el.) g , e with
= max |I(1® M = , doesn't scale wit
“'OAR llLOCC« MReQC “( & R)(pAR)ll total system sizel

\_ N y




Channel-state duality

The main result may be formulated as a result about either (1) channels with multiple outputs, or
(2) multipartite states.

A Bl BZ * Bl BZ
B . | | ~ A
A Jl 72 Channel-state duality 4 A //
r J Choi state - % Channel
Channel < > ) Nio, s,
Ny_ 5,8, Pig,B, ﬁ
~ \ o - Am A “
A h A" BiB; 4 B! B;
Bi B imply
Constraints on dynamical < > Constraints on static correlation properties of

properties of channels states (e.g. monogamy)

(e.g. no cloning)

Reduced channels are Reduced states are
measure-and-prepare? separable?



Sketch of argument: Warm-up result

S(X) = —=Tr(px log px) (entropy)

(how much there is to know about X)

I(X,Y)=SX)+S(Y)—S(XY) (mutual information)

(how much knowing Y tells you about X)

I(X,Y|Z2)=1(X,YZ) —I(X,Z) (conditional mutual information)

(how much more knowing YZ tells you about X than just knowing Y)

~

For any state p,4p, . g, for any size q:
There exists region Q € {B4, ..., B,,;} of size |Q| < g such that forall B; € Q,

I(A, B;|Q) < 2 log(da).




I(X,Y|Z)=1(X,YZ) —I(X,Z) (conditional mutual information)

For any state p,p. g , for any size g:
There exists region Q c {B, ..., B, } of size |0| < g such that for all B; & 0Q,

I(A, Bi|Q) < 2 log(da).

Constructive proof: Build up Q by expanding it one by one.
1) Choose region B; that maximizes I(A, B; )

2) Choose region B;, that maximizes I(4, B, |B;, )

3) Choose region B;, that maximizes I(4, B;,|B; B;,)

|Q|) Choose region B;,,, that maximizes (4, B; |B B, _ )

‘el

By chain rule of mutual information,

I(A,B;) +1(A B,|B;,) + ... + I(4, Bl-q|B,;1 ... B _1) =1(A, By, .Bl-q) < 2log(d,)
And by strong subadditivity, all terms are positive. So at Ieast one term is small, i.e.
there is some value g’ s.t. I(4, B ,|Bi, --Bi,_,) < |Q|7"2 log(dy). Take Q = B, B,



Analyze many-body dynamics?

Constructive method identifies “basis”
{M*} on A that is effectively

measured/decohered by the rest of the —

system.

Helps identify emergent classical
variables in many-body systems?




Future work

* How tight is the bound? How can it be improved when
assuming additional structure to the dynamics, like spatial
geometry or local conserved quantities?

* Compatibility theory
* What many-body examples can we explore?

* Use algorithm to identify emergent classical variables in
many-body systems?






Supplementary slides



I(X,Y|Z)=1(X,YZ) —1(X,Z) (conditional mutual information)

For any state p,p. g , for any size g:
There exists region Q c {B4, ..., B,,} of size |Q| < g such that for all B; & Q,

1(4,BilQ) < 2 log(dy).

Visual constructive proof: To find the region @, optimize over paths I(A‘:‘ Q)
below.

2 S(4)

Ri Rz R3 R4

I(A: By) + 1(A: B4|By) + 1(A: By| B, By) + 1(A: B3|B1B,B;) = I(A: B1B,B3By) 1 2 3 jL
I(A: By) 4+ I(A: B{|By) + I(A: B3|B,B;) + I(A: B, |B,B,B3) = I(A: BiB,B3B,)
= 2 S(A) (if pure)

Each node is a candidate region Q. Arrows indicate inclusions. Each path is an expanding subset of
outputs. Strategy: Gradually expand Q to learn as much as possible about A, until further expansion yields
no further knowledge. Stop there to obtain final Q.

QI



Analyze many-body dynamics?

Example: Hydrodynamics

In charge-conserving random circuits, the
observable "measured” on A roughly
coincides with the charge (confirmed
numerically).

Explore more examples?




Inspires simulation method?

Classical simulation of quantum many-body systems

rrrrr1rrrrrrrrITLOY
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Find which entanglement can be thrown away?
Artificially impose measurements on simulation (“collapse” it) that don’t affect local observables?



Example: Spin chain evolution

Pa

Model evolution as coupling input A to environment B,
evolving both, then tracing out all except B;

P, = ITT45; (Uap(pa @ t5)U4R)

 Example: N
Tz = Groundstate of spin chain B ample:

Couple qubit A onto end of spin chain
U,z = Evolution of extended chain AB \B, then evolve extended chain

J

pa = P, = ??7?7? [ Measure-and-prepare \/ J

Numerical examples work!



Numerical example: spin chain

Smaller value max I(A; R|Q)
. R,Mp
means Q is better 10/
Markov blanket. ' —e— t=0.01
| t=1
0.8

Indicates how : —— =7
close channels —— t=3
pa = Pr must 0.6 .

be to m-and-p.

- Upper bound

0.4

0.2-

00] ‘e | )




Comparison to de Finetti results; optimality

* Quantum de Finetti results say: marginals of permutation-invariant states are
approximately fully separable

* They also say: marginals p,p. of states pyp g Symmetric under permutation of
B; are approximately separable

2d?
1. pABi — SepAB 1 < T (arXiv:06021 30, Christandl et al., Theorem 11.7’)
2 In(d
Z. pABi T SepAB LOCC_ < \/ I(l 4) (arXiv:1010.1750, Brandao, Christandl, Yard)
* Our result gives (1) as special case (butn - n — 1)

(Doesn't give their full theorem)

* Exist examples where:

S >2(1--
1Pap; — Sepaslli 2 o\ *t T 32 (arXiv:0602130, Christand! et al., Corollary 11.9)



One-way LOCC norm

For intermediate results, we use the one-way LOCC norm, defined on bipartite
states PAR)

lpar — O-AR”LOCQ_ = max. 1(1 ® Mp)(par — aap)l,

It quantifies the ability to distinguish p,r and o4 using only local operations and
one-way communication from R — A.

It lower bounds the 1-norm as
||pAR o UAR”LOCC(_ < QdA,dR“pAR o O-AR||1

where

Qq,a, = min{d3,4d}'?,4d>/?,\[153d,dg, 2dg — 1}

(references in paper)



