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Introduction



What are quantum computers good for?
Factoring and discrete logarithms:

Õ (n2) quantumly 2Õ(n1/3) classically

... but only conjecturally!
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Õ (n2) quantumly 2Õ(n1/3) classically
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Query Complexity

x = x1 x2 x3 · · · xN
f : ΣN → {0, 1}

Ux : |i, b,w〉 → |i, b⊕ xi,w〉

Q(f ) := Bounded-error quantum query complexity of f
R(f ) := Bounded-error randomized query complexity of f
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Why query complexity?
I Unconditional separations
I Captures most quantum algorithms

Q(PERIODFINDINGN) = O(1)
R(PERIODFINDINGN) = Ω

(
N1/4

)
Shor’s algorithm: factoring n-bit integers reduces toPERIODFINDING2O(n)
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Structure in quantum speedups
Theorem (ABKRT’20, improving BBC+’01)
R(f ) = O(Q(f )4) for all total functions f : {0, 1}n → {0, 1}.

Theorem (Cha’18, improving AA’14)
R(f ) = O(Q(f )3) for all permutation-invariant partial functions
f : Σn → {0, 1}, i.e.:

f (x1, x2, . . . , xn) = f (xπ(1), xπ(2), . . . , xπ(n))

for every permutation π.
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What is the role of
symmetry in quantumquery speedups?

7 / 24



A
B

C
D

E

F
B

F

C
A

D

E

n!�
(n2)!

0 1 0 1 0 11 0 0 0 1 10 0 0 0 0 11 0 0 0 0 00 1 0 0 0 01 1 1 0 0 0


A → B D FB → A E FC → FD → AE → BF → A B C

8 / 24



A
B

C
D

E

F
B

F

C
A

D

E

n!�
(n2)!


0 1 0 1 0 11 0 0 0 1 10 0 0 0 0 11 0 0 0 0 00 1 0 0 0 01 1 1 0 0 0


A → B D FB → A E FC → FD → AE → BF → A B C

8 / 24



A
B

C
D

E

F
B

F

C
A

D

E

n!�
(n2)!

0 1 0 1 0 11 0 0 0 1 10 0 0 0 0 11 0 0 0 0 00 1 0 0 0 01 1 1 0 0 0



A → B D FB → A E FC → FD → AE → BF → A B C

8 / 24



A
B

C
D

E

F
B

F

C
A

D

E

n!�
(n2)!

0 1 0 1 0 11 0 0 0 1 10 0 0 0 0 11 0 0 0 0 00 1 0 0 0 01 1 1 0 0 0


A → B D FB → A E FC → FD → AE → BF → A B C

8 / 24



Results



Theorem (This work)
R(f ) = O(Q(f )3k) for all partial functions f : Σm → {0, 1}
symmetric under k-uniform hypergraph symmetries with n
vertices, where m =

(n
k
).

Corollary
R(f ) = O(Q(f )6) for all graph properties f in the adjacency
matrix model.
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Definition
Let f : Σn → {0, 1} be a partial function. Let G be a permutationgroup. We say that f is symmetric under G if for every π ∈ G:

f (x1, x2, . . . , xn) = f (xπ(1), xπ(2), . . . , xπ(n))

Theorem (This work, informal)
Permutation groups constructed out of hypergraph symmetries
are essentially the only groups inconsistent with super-polynomial
quantum speedups.
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Theorem (This work)
Let G be a primitive permutation group. Then:
(1) If b(G) = nΩ(1), then for every partial f : Σn → {0, 1} symmetric
under G, R(f ) = Q(f )O(1).

(2) If b(G) = no(1), then there exists a partial f : Σn → {0, 1}
symmetric under G such that R(f ) = Q(f )ω(1).

I “Small” primitive groups allow speedup, “large” primitivegroups do not
I CFSG =⇒ groups satisfy (1) iff they look like hypergraphsymmetries
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Theorem (This work)
In the adjacency listmodel, there is a graph property
Pk such that deciding Pk can be done in poly(k)

quantum queries, whereas exp(k) queries are needed
classically.

In fact, even for property testing: distinguish Pk and
ε-far from Pk.
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Part 1: No Quantum
Speedup for Adjacency
Matrix Graph
Properties



Theorem (Zha’15)
Distinguishing a random function α : [n]→ [n] with range size r
from a random permutation π ∈ Sn requires Ω(r1/3) quantum
queries.

π = π(1) π(2) π(3) · · · π(n)

α = α(1) α(2) α(3) · · · α(n)

Corollary (Cha’18)
R(f ) = O(Q(f )3) for all permutation-invariant f .
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Part 2: Characterizing
Groups that Allow
Quantum Speedup



Theorem (Lie’84)
Let G be a primitive permutation group acting on [n]. Then either:
(1) G is a subgroup of S` o Sm containing A×`m , where the action of Sm is on p-element subsets of

[m] and the wreath product has the product action of degree n =
(m
p
)`, or

(2) b(G) < 9 log2 n.

TranslationEither:
(1) G contains the symmetries of a p-uniformhypergraph withm vertices, or
(2) “Minimal base size” b(G) is really small!
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Part 3: Exponential
Speedup for Adjacency
List Property Testing



ENTRANCE EXIT
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William Kretschmer
https://www.cs.utexas.edu/~kretsch/
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